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ABSTRACT: A theoretical model is considered for the effect of anisotropic translational diffusion on the 
polarized field correlation function G1(7) of light quasielastically scattered from solutions of very long rods. 
Without solving a coupled translational/rotational diffusion equation, an expression for the first cumulant 
of G'(T) is derived, which is exactly the same as a recent one by a different approach. The Green function 
to the coupled diffusion equation in a dilute regime is obtained by two approximations. Since the Green function 
is characterized only by the sideways (Dl) and lengthways (D3) translational and the rotational ((3) diffusion 
constants, it is applicable to the case of semidilute solutions of rods after simple replacement of these constants 
with those suitable for a semidilute regime. Using this Green function, we formulate an expression of G'(T) 
for solutions of very long rods at arbitrary values of p2 = (D3 - D1)K2/8 or of its version at a semidilute regime, 
where K is the length of the scattering vector. Some of simulated G'(T) are presented in order to estimate 
the accuracy of approximations and to visualize the theory. The present result includes the previous ones 
for relatively short rod lengths. Our model is easily extendable to  the case of a solution of slightly bendable 
rods. A brief discussion on this context will also be given. 

Introduction 
Quasielastic scattering of laser light has been extensively 

applied to dynamic studies of macromolecules in solution. 
We have been interested in the dynamics of very long and 
semiflexible (or slightly bendable) filaments in solution. 
Such filaments include muscle F-actin and its complexes 
with other muscle proteins,'-' bacterial flagella,s various 
kinds of rodlike viruses,9'10 microtubule," and muscle thinlo 
and thick12 filaments. For example, the thin filament of 
skeletal muscle is 1 pm in length (L )  and 5-8 nm in di- 
ameter ( d ) .  

To interpret experimental spectra (time correlation 
functions or power spectra of scattered light) from solu- 
tions of such long and semiflexible filaments, theoretical 
models for rigid rods undergoing translational and rota- 
tional Brownian motions are usually applied as the first- 
order approximation. Because a long rod undergoes an- 
isotropic translation, a coupling between translational and 
rotational modes of diffusive motions is expected. This 
effect was once studied with special reference to tobacco 
mosaic virus (TMV).13J4 In this case, however, experi- 
mental results excluded importance of the coupling effect.14 
And no further study has been made of this effect either 
theoretically or experimentally for a long time. But, if one 
wants to study very long rods, one has to take account of 
the coupling effect. Recently, a multiple time scale as- 
ymptotic technique was applied to this problem and ex- 
perimental data on TMV were reanalyzed, which again 
gave small ani~otropy.'~ More recently, an expression for 
the first cumulant of the polarized-light field correlation 
function for a long, thin rod was derived on the basis of 
a velocity autocorrelation function technique, and exper- 
imental data on TMV were analyzed, which gave quite 
large anisotropy, as large as the theoretically expected 
one.16 

In the case of semidilute solutions, one has to take ac- 
count of an effect of entanglements of long rods. Let c be 
the number of rods in unit volume. Then, one has to 
distinguish the two cases, cL3 << 1 (dilute regime) and L / d  
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>> cL3 >> 1 (semidilute regime). In the case of muscle thin 
filaments, for example, 1 mg/mL in protein concentration 
corresponds to cL3 = 40. Doi and Edwards considered the 
light-scattering spectra from a semidilute solution of rel- 
atively short rods." Their model has been tested with 
(semi-) quantitative success by measurements of, for ex- 
ample, the Kerr effect (long viruseslaa and a synthetic 
polymerz6) and light scattering (long viruslab and a syn- 
thetic polymerlg). As far as the light-scattering problem 
is concerned, the Doi-Edwards model corresponds to the 
extreme case of anisotropic translation of a rod. In the 
framework of their model, we can develop a unified theory 
of light scattering from solutions of long rods at dilute and 
semidilute regimes. The theories so far proposed for the 
effect of anisotropic translation on light-scattering spec- 
trum are valid only for solutions of relatively short rods. 
We will consider a case of very long rods. Under the as- 
sumptions we adopted, our theory given below includes 
the previous ones for shorter rod lengths. 

Even if a rod seems (or is believed) to be rigid, it might 
be semiflexible when it is very long. On electron micro- 
graphs of all the above-mentioned filaments, one surely 
observes gradually  curved images. Thus, one has to take 
account of the effect of filament flexibility on the spectra. 
We have published a paper on the effect of filament 
flexibility on light-scattering spectra,z0 where neither the 
coupling nor the entanglement effect was considered. 

As the first step to improve our old model,z0 we discuss 
in this paper a theoretical model for very long rods un- 
dergoing anisotropic translation as well as rotation at dilute 
and semidilute regimes. Because the main aim of this 
paper is to show gross features characteristic of light- 
scattering spectra of solutions of very long rods, a very 
simple model will be adopted and no sophisticated inter- 
action will be considered. The outline of a part of this 
study has been published.z1 

Model 
The polarizability a3 parallel to the long axis of the rod 
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shown below, the intensity a t  KL >> 1 of scattered light 
from solutions of rods is exclusjvely contributed from those 
whose t is perpendicular to K (cf. Figure 2a). In such a 
situation, we have an average 2 value of -d at the scat- 
tering angle of 18OO. Our model would be quantitatively 
correct for the cases of large KL and large K (backward 
scattering), where our discussion will be concentrated. For 
large L and small K values, where our model violates eq 
3 mainly due to a finite thickness of the rod, our results 
given below should be regarded as qualitative ones. 
However, characteristic features of our model would play 
a role of a guiding principle in the analysis of experimental 
data of any pair of L and K values. 

(1) At Dilute Regime. The orientation of the rod, Z(t) 
in eq 2, is specified by the polar coordinates 8 an$ 4, and 
the polar axis is taken to be parallel to the vector K (Figure 
la). Then we have 

U / I  

( a )  (b) 
Figure 1. Illustrations of geometrical relationships. (a) The 
relationship between various vectors defining the position vector 
' i (s , t )  of the line element ds (for details, see text). (b) An illus- 
tration showing the relationship between the optical path length 
2 and the orientation of a rod (for details, see text). 

is not equal to the perpendicular components czl (=a2). 
However, as far as the polarized light-scattering spectrum 
is concerned, we can assume a relationship [(a, + cz2 + 
a3)/3I2 >> (a3 - aJ2. Under this assumption, we can ex- 
press various mathematical relations in terms of the Le- 
gendre polynomials Pn(f3) instead of the spherical har- 
monics Yn,(f3,#). This makes our treatments very simple. 
The unnormalized polarized field correlation function G1(7) 
of scattered light in the optically isotropic case is given by 

G1(7) = (1/L2)JlL/2J(s,s',T) -L/2  ds ds' ( la)  

J(s,s',T) = (exp[il?.{r'(s,t) - F(s' , t?} ] )  ( lb)  
where T It - t l ,  l? is the momentum-transfer vector, and 
r'(s,t) is the position vector of the line element ds at s from 
the center of the rod: 

(2) 
Here &(t) is the position vector of the center-of-mass of 
the rod and z(t)  is the unit vector parallel to the long axis 
of the rod (Figure la). Equation l b  includes only the 
geometrical phase relationship (or the path-difference 
relationship) of scattered rays. It does not include the 
wave-optical one. In a case of a long and not very thin 
rod, we have to consider the so-called Rayleigh-Debye 
condition 

(3) 
where X is the wavelength of light in vacuum, n and no are 
the refractive indices of solute and solvent, respectively, 
and 2 is the characteristic dimension of a scatterer. For 
(n - no) N 0.3 (a protein rod in aqueous solution) and X 
N 500 nm, eq 3 gives 2 << 140 nm. Now, let cz be the _angle 
between the vector 3 and 4he incident wave vector ko (or 
the scattered wave vector kJ. When the tip of the rod lies 
within an area AS on the surface of radius L/2 (Figure lb), 
the length 2 (shown by the thick line in Figure Ib) violates 
eq 3. The probability P of finding the tip of the rod in 4s 
is given by P = ASIS, with S = 4 ~ ( L / 2 ) ~ .  For small cz (i.e., 
small d), we have sin cz N dlZ,, and 4s N T ( L / ~ ) ~  sin2 
a ~(L/2 )~ (d /2 - )~  and hence P (d/Z-)2, where 2- 
is the maximum value of 2 which satisfies eq 3. For a very 
thin rod, violation of eq 3 is negligible irrespective of its 
length L (>>d). On the other hand, for practical values of 
d = 5-20 nm (rodlike macromolecules composed of protein 
protomers such as rodlike viruses, muscle filaments, var- 
ious kinds of bacterial flagella, etc.), the value of P is not 
negligibly small irrespective of their length L (>>d). For 
most of the scattering angles, our model is not quantita- 
tively correct for d values of our interest. However, as 

r'(s,t) = i i ( t )  + sZ( t )  

(4n/X)(n - no)Z << 1 

where Po(8? = 1/ V j s  the_ uniform distribution function 
of the initial value R'= R(t? in volume V, Po(;? = l/Q 
= (1/2)(1/2n) is the uniform distribution function of the 
initial values 8' = 8( t? and +'= @(t?, 5 = cos 8, an$ G is 
the conditional probability that, if a rod is f o e d  at R'with 
orientaqion 3' at  time t ', it will be found at R with orien- 
tation t at a later time t ,  or mathematically the Green 
function to the diffusion equation in the laboratory-fixed 
coordinate system 
[ti/& - D,(Z.d/dG)2 - D,(ti2/dR2 - (Zd/d&)2) - 

6V,,2]G = S(G - Z?S(Z - Z ? ~ ( T )  ( 5 )  

where V B t  is the Laplace operator with respect to 8 and 
4 and D,, D3, and 8 are, respectively, the sideways and 
lengthways translational and the rotational diffusion 
constants, L_i G&,~/;T) be the Fourier space transform 
of G(R - R',t,t';T), and define 
D = (20, + D3)/3 (average diffusion constant) (6a) 

p2 = (D3 - D l ) P / 6  (coupling constant) (6b) 

GK(&E';~)  = G~(7)g&,5/;7) ( 6 ~ )  
GD(7) = exp[-(D - Y3(D3 - D1)]P7] = exp(-D,K%) (6d) 

where, and below, we intentionally use the expression [D 
- lI3(D3 - Dl)] instead of D, in order to explir$ly_sho_w 
anisotropy D3 # D1. Integration of eq 4 over R - R', R', 
4, and 4' gives 

(7) J(s,s ', 7) = GD( T)J& ,s ' ,T) 

where g K ( [ , P ; T )  satisfies (cf. eq 5) 
[e/a7 - e(vt2 - P 2 & 2 ) ] g ~ ( f , t ' ; T )  = S(t - t ' )~ (d  (9) 

In the long-rod limit L ld  >> 1, we have D3 = 2D1 and 6 
= 12D,/L2, and hence pz = (KL)2/12. Putting 

g K ( E , t ' ; T )  = CAn(K,E',T)Pn(E) (10) 
n 

where Pn(.$) is the Legendre polynomial, we have (see 
Appendix A) 
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where 

(n + l ) (n  + 2) 
L2(n) = (2n + 3)(2n + 5) 

By putting AN+2 = AN+4 = ... = 0 for an appropriate even 
number N and defining 

A = (Ao, A,, ..., AN)T (14) 
where T stands for transposition, and 

M = h , n 3  (15) 
where an,n = n(n + 1) + p2Lo(n), an+-, = p2Ll(n), = 
p2L2(n), and anfin’ = 0 for n’ # n, n f 2, eq 12 can be written 
in a matrix form ad4  

dA(K,f1,7)/d(&) = -MA(K,F,7) (16) 
Since there is no coupling between A, and An+1 and since 
we need A i s  for even n only, we construct the matrix M 
in a way that the element an,n’ is placed at (n/2, n’/2) 
including the (0, 0) element (ref 22). 

Using the matrix U which satisfies 
MU = UA (17) 

where A is a diagonal matrix, we have the solution of eq 
16 as 

A(K,[’,7) = [U exp(-Ae~)U-l]A(K,f‘,O) (18) 

or in the component representation as23 

An(K,S/,7) = C[U ~XP(-A~~)U-~]~~A~(K,~/,O) (19a) 
1 

= CCexp(-Xp87)Up(n)Up*(1)A1(K,f‘,0) (1%) 

where U-’ is the inverse matrix of U, UJn) is the nth 
element of the p th  column (or the n, p element) of U, 
Up*(l) is the lth element of the p th  line (or the p, 1 ele- 
ment) of U-l, and A, is the p, p element of A. Then, we 
have from eq 10, 11, and 19 

g&,F’;7) = C C y  [U 

P 1  

21 + 1 
n l  

(204 

The superscript p attached to g K ( 5 , [ ’ ; 7 )  means that eq 20 
is valid for any value of p provided that N in eq 14 is 
properly chosen (see Discussion). 

For p N 0 (D3 - D1 << 1 and/or KL 5 l), eq 20 is reduced 
to 

gKo( t ,E‘;7)  = exp[-n(n + l )e7IPn(S)Pn(E‘)  (21) 

where the superscript 0 attached to gK(E,E‘;7) means p = 
0. 

For p >> 1 (D3 # D1 and KL >> l), we have an approx- 
imate but very simple form of g K ( [ , S / ; 7 ) .  In terms of the 
new variable { = p1/2[, the “Hamiltonian” H = -Vt + p2E2 
is written as H = p [ - @ / d P  + (l/p)(d/d{)P(d/d{) + P]. In 
the limit of p - 03,  this Hamiltonian becomes exactly that 
of a harmonic oscillator, so that the Green function can 
be obtained by using eigenfunctions and eigenvalues for 
the harmonic oscillator:” 

2n + 1 
n 

(22) - e-(f*+r2)/2Hn( f ) ~ ~ (  r)e-(2n+l)~e7 

where Ifn( {) is the Hermite polynomial. Using an integral 
expression for H,(O, we can carry out the summation over 
n exactly. For p >> 1 (at least p1lz 2 10 because 
exp(-12/2)Hn(C) has appreciable values in a range 14 I 7), 
an approximate form of g K ( [ , S / ; T )  can be obtained:” 

1 
gK( l, r;7) = 

n ~ ‘ / ~ 2 ” n !  

(23) 

where the superscript >> attached to gK([,c;1;7) means p >> 
1. 

From eq 1 ,7 ,8 ,  20, and A3 in Appendix A, we obtain 

G1(7) = 
G D ( d  C C (21 + 1) [U exp(-A87)U-l] nl( i )n(- i )%n(k)  bI(k)  

(244 

GD(7)CCC(21 + 1)Up(n)Up*(l)(i)n(-i)~bn(k)b1(k)e-Xpe7 
(24b) 

where summation is carried out over even n and 1, G D ( 7 )  
is given by eq 6d and for k 

bn(k)  = (l/k)Jkjn(z) dz (even n) 

n l  

- - 
n P  1 

KL/2 

(25a) 

bn(k)  = 0 (odd n) (25b) 
Since UU-’ = E, we have G’(0) = Cn(2n + l)b,(k),. For 
p = 0, eq 24 is reduced to 

G’(T) = C(2n + l)bn(k)2e-~D‘0+n(n+1)e]7 (p = 0) (26) 

which just corresponds to the Pecora formula for rods.24 
By use of identity relations 5, + [’, = [([ + r) ,  + ( E  - 

5’),]/2 and 255‘ = [(t + c;‘)2 - (5  - 5‘),]/2, eq 23 can be 
written as 

n 

where u2 = tanh (&)/p. 
Without the numerical computation of G1(7) given by 

eq 24, the time behavior of the correlation function cannot 
be known. However, the first cumulant F of G’(T) can 
easily be known (see Appendix B): 
r/K2 = 
[D - 1/m - ol)l + (L2/12)efl(k) + (03 - ~ ~ ) f ~ ( 4  (29) 
where both f l ( k )  and f z ( k )  are functions depending only 
on k KL/2. Since f l ( k )  - 0 and f 2 ( k )  - 1/3 as k - 0, 
and f l ( k )  - 1 and f 2 ( k )  - 0 as k - m (see Appendix C), 
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we have the limiting values of 

f / P  - D (k << 1) (304 

F / P  4 [D - 1/3(D3 - Dl)] + (L2/12)8 
@Ob) 

(2) At Semidilute Regime. In a case where there are 
many rods in volume L3, the rotational motion of each rod 
will be severely restricted as well as the sideways trans- 
lation, whereas the lengthways translation is almost free. 
Doi and Edwards treated the problem as follows." Con- 
sider a model situation: If the rod which has been pre- 
venting a test rod from rotating (and sideways translating), 
diffuses a distance of order L, the constraint imposed by 
the rod is released and the test rod can rotate by a small 
amount of order a,/L (and translating sideways by a small 
amount of order a,) during a time to N L2/D3. This model 
is equivalent to the case where we assume a "cage" which 
confines the test rod. The cage has a radius a, and a 
lifetime rWe = t,. It is possible to imagine the free rotation 
of the test rod in the cage for a very short time. However, 
this will have no appreciable effect on G1(7) as discussed 
in Appendix D. So, we assume 

(k >> 1) 

D, = Dz N a,2/to N @Dl D, = D, (314 

(31b) 

(324 - U w 2 ( 2  - @)/(12P) (32b) 

0 N (a,/LY/to N 00 

p2 = (D,  - D1)P/0  
where p = (a,/L)2. Putting 

for the long-rod limit, we have (cf. eq 9) 

[d/d7 - w7,2 - p2E2)lgK([,F;7) = S([ - " 7 )  (33) 

Because 0 is very small (see later), p >> 1 does not nec- 
essarily mean KL >> 1. The Green function will be given 
by simple replacement of and 8 in eq 23 or eq 27 with 
p and 0, respectively. From eq 27, we have 

sech ( ~ 0 7 )  exp[-p[2 tanh ( p 8 ~ ) ] 8 ( [  - E') 

where use was made of an approximation" 

gKP(t,s';7) = 
(p >> 1) 

(34) 
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This approximation is valid only when p >> 1 and KL 5 
3, where b,(k) for n L 2 in eq 25 is negligibly smaller than 
bo&). However, if we ignore the initial fast decay of G1(r) 
with a small amplitude due to the initial free rotation of 
the rod in the cage discussed in Appendix D, the above 
approximation will be valid for large KL values (see Ap- 
pendix E). Then, we have p >> 1 

G1(7) = exp(-&Pr) sech (POT)  X 

J1li,(k0l2 exp[-pE2 tanh ( P O T ) ]  d t  (36) 

To estimate the @-value, consider an imaginary cylinder 
(or a cage) enveloping the test rod with a radius a. If the 
mean number N(a) of rods which touch this cylinder is 
known, we have N(a,) - 1. DoiZ5 derived N(a) = 
(1/2)rcaL2, from which we have 

p (cL3)-2 (Doi) (374 

Figure 2. Scattering geometry showing the phase relationships 
between scattered rays from a rod at orientations ( = 0 and &1 
(for details, see text). 

Because Doi and Edwards considered the case of 1 << cL3 
<< L/d, they assumed a very strong constraint, and actually 
they put D,  = D, = 0. If we consider a case of 1 < cL3 << 
L/d, however, we have another approximation for esti- 
mating a, and p. Because the volume of the cage can be 
approximated by a volume, l /c ,  occupied by one rod, we 
have a, N (l/(cL))l/z. In this case, we have26 

p N (cL3)-l (Mori et al.) (37b) 

Since the latter @-value was derived under a rather weak 
constraint, the actual @-value will lie in between these two 
cases. 

Since eq 33 is analogous to eq 9, eq 29 holds after simple 
replacement of D, Di, and 0 with D,  Di, and 0, respectively. 
The limiting forms are 

lT/P = D, + O(pD) (38a) 

(KL >> 1) (38b) 

Except for the initial fast decay with a very small am- 
plitude, G1(7) will decay with a very small decay rate as 
in eq 38b. 

(3) Remarks. Since gK([,r;O) = S([ - 5') irrespective 
of the model, eq 20, 21, 23, and 34, the static intensity is 
given by 

GYO) = 1/2]jo(k[)2 d[ = (l/Lz)]]jo(Kls -SI) ds ds' 
(39) 

For large k values, we have approximations jo(k[) = (a/ 
k ) 6 ( [ )  and jo(Kls - SI) = (a/K)G(s - s?. Thus we have 

Gl(0) - a / ( K L )  (KL >> 1) (40) 

At E = 0, all the scattered rays from a rod are in phase 
(Figure 2). At  [ = f l ,  on the other hand, if rays j and 
k are out of phase, rays j + i and k + i are also out of phase 
for i = 1,2, .... The factor jo(k[)2 in eq 36 and 39 expresses 
this situation. For large k values, the scattered intensity 
from a solution of rods is exclusively contributed by those 
whose [-value is close to zero. This is a characteristic 
feature of the scattering from very long rods. This is the 
reason why D3 does not contribute to T'/P in eq 38b and 
also eq 30 (note that D - '/,(D, - Dl) = D,, see eq 6). 

The trajectory of the random motion of the rod in our 
model at semidilute regime is something like the contour 
of a Gaussian chain with a bond length L and a bond ande 
aJL. Once the rod axis is perpendicular to the vector K, 
the rod stays at almost the same orientation for a long time 
and scatters the incident light strongly. After a very long 
time, the rod axis becomes parallel to the vector K, and 
the rod scatters the incident light weakly (Figure 2). 

Numerical Simulation and Discussion 
We would like to present some computer simulation in 

order to visualize the theoretical results given above. [See 
Appendix F for algorithm of our computation.] 

(KL I 1 and p >> 1) - @[Dl + (L2/12)8] = 2@D1 
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Table I 
Numerical Values of f , (k)  and f2(k) 

KL f l ( k )  f d k )  KL f l ( k )  f d k )  
0.0 0.000000 0.333333 
1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 
10.0 
11.0 
12.0 
13.0 
14.0 
15.0 
16.0 
17.0 
18.0 
19.0 
20.0 

0.011180 
0.045480 
0.104581 
0.189024 
0.294422 
0.407904 
0.510273 
0.586554 
0.635508 
0.667176 
0.692952 
0.718713 
0.744150 
0.766101 
0.782613 
0.794691 
0.805053 
0.815760 
0.826929 
0.837273 

0.325933 
0.303871 
0.267989 
0.221075 
0.169448 
0.123006 
0.0911974 
0.0765488 
0.0729840 
0.0715120 
0.0666578 
0.0583525 
0.0498826 
0.0444110 
0.0424927 
0.0421649 
0.0410198 
0.0381314 
0.0343974 
0.0314212 

(1)  Rigid Rod in Dilute Solution. Since the initial 
decay rate F of G1(7) for a dilute solution of rigid rods is 
given by eq 29 with functions fl(k) and f 2 ( k )  defined by 
eq B5 and B6 in Appendix B, their numerical values are 
given in Table I. Wilcoxon and Schurr16 have given the 
corresponding functions G(k) and F(k)  on the basis of a 
different model from ours. Their G(k) equals our f1(k)/24 
and their F(k)  equals our (1 - f2(k))/2. Their computed 
values are different from ours by 1% or less in F(k)  and 
by 2-4% in G(k). However, this difference was found to 
come from the degree of accuracy of their numerical com- 
putation; our computation of their G(k) and F(k)  showed 
that both relations, G(k) = f1(k)/24 and F ( k )  = (1 - 
f2 (k ) ) /2 ,  hold for up to six digits, i.e., within the precision 
of our computation. Figure 3 shows the above result 
graphically. When experimental F / P  exceeds the theo- 
retical one, we have to consider a possible contribution 
from internal bending motions of rods as given below. 

(2) On the Size of Matrix M. There arises a question: 
How large a size of the matrix M in eq 15 is required in 
order to obtain reasonable result? Since the matrix ele- 
ments an,n and tend toward n2 + p2/2 and p2/4, 
respectively, for large n’s, there may be no problem if we 
truncate A,, in eq 12 at n = N for which N(N + 1) N loop2 
holds. For this choice of N ,  numerical results actually 
showed that the difference between the largest eigenvalue 
AN and N ( N  + 1) was less than 0.5%. For p = 10, for 
example, we have N N 100 or matrix size N 50 X 50. In 
computing G1(7), on the other hand, we can terminate the 
summation over n in eq 24 at  n = N‘ for which (2” + 
1)6Nt(k)2 I 10*G1(0). During simulation of G1(7)’s, we 
empirically found that this N’value was about twice larger 
than that from our ~riterion,~’ P(62) = [2/n(n + 1)]p2 
2 1 in eq D3 in Appendix D. For p = 10, we have N’ = 
28. There is a big difference between N and N !  However, 
we have to consider the fact that the coupling occurs only 
between A,, and A,,+2 in eq 12. So, the eigenvalues A,, for 
p 5 ”are expected to converge to their final value much 
faster than AN does to N(N + 1) with an increasing N 
value. A numerical study suggested that the matrix size 
of ( ( N / 2 )  + 1, ( N / 2 )  + 1) with N = 2N’was large enough 
to have accurate results of G1(7), Le., within a relative error 
of lo*. Halving the matrix size still gave G1(7) with a 
relative error less than 1 % . 
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Figure 3. F/fl vs. KL relation for a dilute solution of mono- 
disperse rigid rods. The long-rod limit, D3 = 20, and 8 = 12Dl/L2, 
was assumed: (-) from eq 29; (-. -) from eq 29 with f , ( k )  = 1/3 
(isotropic); (-e-) from eq 29 with f z ( k )  = 0 (see later) and (---) 
asymptotes; (.) from the cumulant analysis of simulated corre- 
lation functions shown in Figure 4. 

(3) Accuracy of the Harmonic Oscillator Model. To 
test the accuracy of the correlation functions G1(7) based 
on eq 28, which used the Green function derived from the 
harmonic oscillator model, we computed G1(7) based on 
eq 24 and 28. Results are shown in Figure 4, which in- 
dicates that when p 2  = (KL)2/12 = 50, G1(7) based on eq 
28 is different a t  most by 2% from Gi(7) based on eq 24 
within the entire range of delay times of interest. As far 
as the simulation of correlation functions is concerned, the 
harmonic oscillator model works very well for p values as 
small as 7. (This does not necessarily mean that the Green 
function g~”(5,5”;7) in eq 23 itself is a good approximation 
for p values down to 7. The first two eigenvalues A,, and 
A2, of the matrix M and (2n + 1)p for n = 0 and 2 of the 
harmonic oscillator model (see eq 22), are compared in 
Table 11, from which we can infer that for p1I2 1 10, both 
Green functions in eq 20 and 23 agree well.) 

The computed correlation functions were analyzed by 
use of a third-order cumulant expansion method, and the 
results are shown in Figure 3. 
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l r  (b)  

- 
~ " ' ~ " " " " ~ " ' ' ' ~  0 4 ms t ms 

Figure 4. Examples of simulated correlation functions for a dilute 
solution of monodisperse rigid rods. Parameter values are L = 
1 pm, D = 1.32 x lo4 cm2/s (D3 = 2D1 and 0 = 12D1/L2): (---) 
from eq 24 (truncation method); (-) from e 28 (harmonic os- 

= 7 X 7). (b) 1, at I-? = 1.0 X 1O'O cm-2 (pz  = 8.3 and 7 X 7); 2, 
at I-? = 2.0 X 1O'O cm-, (p2 = 16.7 and 7 X 7). (c) At I-? = 4.0 
x 10'O cme2 (p2 = 33.3 and 11 X 11). (d) 1, at K2 = 6.0 x 1O'O cmW2 
(w2 = 50.0 and 11 x 11); 2, at  ICz = 8.0 X 1O'O cm-2 (p2 = 66.7 and 
11 X 11); 3, at p = 10.0 X 1O'O cm-2 (p2 = 83.3 and 21 X 21); 4, 
at I-? = 11.7 X 1O'O cm-2 (p2 = 97.5 and 21 X 21). In part d, both 
--- and - superimpose with each other within the thickness of 
lines at each F? value. 

cillator model). (a) At p = 0.5 X 1O'O cm-, (p  9 = 4.2 and M size 

Table I1 
Comparison of the First Two Eigenvalues ho and X2 of 

the Matrix M and (2n + 1 ) ~  for n = 0 and 2 of the 
Harmonic-Oscillator Model 

U* 102 103 104 105 106 

X, /p  0.923 0.976 0.992 0.998 0.999 

sizea -/11 11/21 11/21 31/41 71/81 
p' /2  3.16 5.62 10.0 17.8 31.6 

X2/5p 0.917 0.976 0.992 0.998 0.999 

a 11/21, for example, means that the final values for X, and X, 
were obtained at a matrix size between 11 X 11 and 21 X 21. 

(4) Rigid Rod in Semidilute Solution. At this regime, 
p 2  N (KL)2/6& so that ,  except for very small KL's, p is 
very large provided that P is small. For an accessible range 
of K values, we can use the  Green function derived from 
the harmonic oscillator model. Here, we would like to show 
how the  approximation in eq 35 works. For this purpose, 
we computed G1(7)'s based on eq 36 and  28 (with re- 
placement of f i ,  D,, and 8 by p, D1, and 6, respectively). 
We also used eq 24 (with replacement of p, D1, and 0 by 
p, D1, and 6, respectively). Figure 5 depicts some examples 
of the  simulated correlation functions for p ~ / ( C L ~ ) ~  = 
1/1600 (see eq 37a). In  this case, we could not  observe 
appreciable difference between G'(7)'s based on eq 24, 28, 
and  36. It should be noted tha t  t he  decay of correlation 
functions a t  this regime is very slow. 

Figure 6 depicts examples of the  simulated correlation 
functions for 0 l/(cL3) = 1/40 (see eq 37b). In  this case, 
both eq 24 and 28 gave the same decay curves, bu t  eq 36 
gave different decay curves from the  above ones a t  larger 
KL's. The approximation in eq 35 is no longer valid a t  this 

value. 

"0 Z(  S) 0.5 
Figure 5. Examples of simulated correlation functions for a 
semidilute solution of monodisperse rigid rods. Parameter values 
are the same as those in Figure 4 except for 8 = 1/1600. l O - ' O p  
values are, from top to bottom, 0.5, 1.0, 2.0,4.0, 6.0, 8.0, 10.0, and 
11.7 cm-,. G'(T)'s based on eq 24, 28, and 36 coincide with each 
other within 0.1% relative errors over the entire range of the delay 
time of interest. 

I . I ~ I . l ,  
50 ms &Oms 

Figure 6. Examples of simulated correlation functions for a 
semidilute solution of monodisperse rigid rods. Parameter values 
are the same as those in Figure 5 except for /3 = '/40: (---) based 
on eq 36; (-) based on eq 24 and 28. 

(5) Further Approximation. Equation 24 is rewritten 

G1(7) = G~(7)C~[W(7) l , l bn (k )b l (k )  (41) 

as 

n l  

where 

W(7) = (bn/(7)1 (42) 

with 

b , l ( ~ )  = (21 + l)(i)"(-i)l[U e~p(-A0r)U- ' ] ,~  (43) 

= (21 + l)(i)"(-i)'CU,(n)U,*(l) exp(-Ap87) (44) 

T h e  matrix W(0) is diagonal with elements b,,(O) = (2n 
+ 1) because UU-' = E or C,U,(n)U,*(l) = tjfll. As 7 
becomes larger, the off-diagonal elements of W(7) appear. 
But, because of the  time behavior of the  matrix U exp(- 
A%)U-', b J 7 )  with larger n and/or  1 rapidly disappear 

P 
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Table I11 
Time Evolution of the Matrix W(7)“pb 

0 2 4 6 8 10 1 14 16 18 20 22 24 
579 45 0 0 

2792 111 1 0 
4870 170 2 0 

1391 6680 219 3 0 
500 5857 8135 257 3 0 
46 1088 8975 9183 282 4 0 
2 84 1407 10000 9800 294 4 0 
0 4 102 1419 9163 10000 294 4 0 

0 4 95 1027 7210 9820 284 3 0 
0 4 76 892 4971 9325 266 3 0 

0 3 53 581 3037 8548 241 3 
0 2 33 337 1655 7680 213 

0 1 18 174 808 6689 
0 0 9 81 354 

0 0 4 34 140 
0 0 1 12 49 

“Two cases (7 = 0.2 and 1 ms) are shown for = 6.0 X 1Olo cm-2, L = 1.0 wm, and D = 1.32 X lo4 cm+?/s (D3 = 2D1 and 0 = 12D1/L2). 
Since matrices are symmetrical, only half of the elements are shown for each case. To make clear the relative sizes of the elements, 
the value of the largest element is normalized to 10000. bUpper right, T = 0.2 ms and max = 16.61; lower left, 7 = 1 me and max = 
5.895. 

with a further increase of 7. This will be easily seen from 
the first-order perturbation results (see Appendix G): 

bnn(7) = (2n + l)e+ner ( 4 5 4  

bn,n-2(7) = -(2n - 3)p2Ll(n)[e-Xner - e - x n - z e r ] / ( A n  - An-2) 
(45b) 

bn,n+2(7) = -(2n + 5)p2L2(n)[e-X@T - e-hn+zeT 1 /(An - An+J 
(45c) 

bnI(7) = 0 ( I  # n, n f 2 )  ( 4 5 4  

where A, = n(n + 1 )  + p2Lo(n). Note that both bn,,_2(7) 
and bn,n+2(7) are nonnegative because of > A,. Since 
Ll(0) = 0 and (2n + l )L l (n  + 2 )  = (272 + 5)L2(n), we have 
a relation bn+2,n(7) = bn,n+2(7), that is, the matrix W(7) is 
symmetrical. (Equation 45 is valid only for small p2). 
Table I11 shows examples of the time evolution of the 
matrix W ( T )  in eq 42-44. From these examples, we can 
infer that the summation over 1 in eq 41 can be limited only 
to 1 = n (diagonal) and 1 = n f 2 (the first off diagonal). 
To see this, we computed eq 41 with all elements bn1(7), 
the diagonal and the first off-diagonal elements bnn(7) and 
bn,n+2(7), and the diagonal and the first and the second 
off-diagonal elements bnn(7), bn,n+2(7),  and bn,nf4(7). The 
results indicated that for p 2  I 50, eq 41 with only the 
diagonal and the first off-diagonal elements gives accurate 
results enough to simulate G1(7) for rods. 

(6) Note on Further Application. In another paper,% 
the experimental results on thick myofilament suspen- 
sions12 were analyzed by use of our old model on G1(7) for 
semiflexible filamentsa20 So, we would like to add a few 
remarks on that model. 

Equation 29 can be written as 

F / p  = [D - ‘/3@3 - D J ( 1  - 3fi(k))I + (L2/12)ef1(k)  
(46) 

The anisotropic translation of a rod appears as a factor (1 
- 3f2(k)) in eq 46. The dash-dot line in Figure 3 represents 
eq 46 with f 2 ( k )  = 0 irrespective of the k values. At  K L  
1 30, there is no appreciable difference between the solid 
line and the dash-dot one in Figure 3. This means that 
the original Pecora formula, eq 26, with replacement of D 
by D1 or [D - 1/3(D3 - Dl)] will work very well for KL 1 
30. 

In our previous paper, we have considered the effect of 
the filament flexibility in a way that (see Appendix D in 
ref 20) 

J(s,s = e-DKzT( eiK(8t--8’8))rOt n e-@(m,s,s’,r) (47) 
m>2 

@(m,s,s’,r) = 
(IC2/6)(q,2)[Q(m,s)2 + Q ( ~ , s ? ~  - 2Q(m,~)Q(m,s?e-~/’ml 

(48) 

Using eq 21 for computation of the expectation value ( .-)mt 
in eq 47, we have 

e-[DK2+n(n+l)elTjn(K)j (Ks  ?n”e-@(WS$vT) ds ds (49) 

where the summation has to be carried out over even and 
odd n, because ,,, exp[-@(m,s,s’,.r)] is neither an even nor 
odd function of both s and s’. From eq 49 we have20 

F/ECZ - D + (~2/12)e + D ~ c ” ~  (KL >> 1 )  (50) 

where C”1 means the number of internal modes of 
bending motion involved in the scattering process. By 
comparison of eq 50 with eq 46, a simple replacement of 
D in our old mode120 with D1 or [D - 1/3(D3 - Dl)] would 
work correctly for the case of a semiflexible filament a t  
K L  I 30. When we use eq 20, we have from eq 47 

( 1 / L 2 )  S S L ’ 2 C ~ b n ~ ( ~ ) j n ( K ~ ) j i ( K ~ ” ’ ’ e - @ ( m , s , s ’ , r )  -L/2 n I ds ds’ 

(51) 

which gives 

G1(7) = GD(7) X 

T/K2 --* 
[ D  - Y3(D3 - Dl)] + (L2 /12)8  + D I C f ’ l  ( K L  >> 1 )  

(52) 

In eq 51, bn1(7) for even n and 1 is given by eq 44. For odd 
n and 1, we have to solve another eigenvalue problem 
similar to eq 17. Details will be discussed elsewhere, where 
we will also consider the effect of 5 and 5‘ on the internal 
factor @(m,s,s‘,s). 
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Conclusions 
We have considered the effect of anisotropic diffusion 

on the polarized-field correlation function G1(7) of light 
quasielastically scattered from solutions of very long rods. 
Without solving a coupled translational/rotational diffu- 
sion equation, we obtained an expression for the first cu- 
mulant of G1(7) as given in eq 29, which is exactly the same 
as the previous result from another approach.16 By ap- 
plying the truncation method14 and the harmonic-oscillator 
mode1,l’ we obtained the Green function to the coupled 
diffusion equation as given in eq 20 and 23. Using this 
Green function, we formulated the expression of G1(7) for 
dilute solutions of rods as given in eq 24 and 28. These 
results are applicable to the case of semidilute soluqions 
after simple replacement of p, D, Di, and 8 with p, D, Di, 
and 9, respectively. Our method requires machine com- 
putation, because it is oriented to treat the case of very 
long rods. For shorter rod lengths, we can formulate G’(T) 
in an analytical form. As shown in Appendix G, our result 
includes the previous ones for shorter rod lengths.13-15 
Some examples of simulated G’(7)’s for rods were pres- 
ented in order to estimate the accuracy of approximations 
and to visualize the theory. At dilute regime, the har- 
monic-oscillator model works well for p2 values as small 
as 50 as shown in Figure 4. At semidilute regime, for @ 
[=(U,/L)~] << 1 and hence 9 << 8 (where p 2  >> 1 except for 
extremely small KL values), the Doi-Edwards approxi- 
mation, eq 35, is valid and eq 36 works for larger KL values 
as shown in Appendix E and in Figure 5. On the other 
hand, when p 2  is very large but @ and hence 9 are not very 
small, the harmonic-oscillator model can work correctly 
but eq 35 fails to hold as shown in Figure 6. For a very 
long rod with a finite thickness, violation of the Ray- 
leigh-Debye condition will occur, so that our result is 
qualitative at  small K values. But, for large KL and large 
K values, our result will be quantitatively correct as 
mentioned in the Model section. 

The perturbation result, e.g., eq G8 in Appendix G, will 
work, a t  most, for p2 5 7 (TMV in dilute solution for X = 
488 nm), where the n = 0 and 2 modes are predominant. 
In such a case, in addition to the first-cumulant analysis 
with eq 29, a two-exponential analysis will be possible and 
an analytical expression of G1(7) may be useful. When w2 
> 7, on the other hand, it may be more practical to com- 
pare the profiles of experimental G1(7) with those of com- 
puted ones at various combinations of Di and 8. Our 
method permits computation of G1(7) by use of a “desk- 
top” computer. 

In a study under progress, we are testing with success 
the present theory (at dilute regime) not only on the first 
cumulant of, but also on the profiles themselves of G1(7). 
For a case of a very long rod where the present method 
will show its full power, we have to inevitably take account 
of the filament flexibility.lsb The Green function obtained 
here can be used to formulate an expression of G1(7) for 
solutions of semiflexible filaments at dilute and semidilute 
regimes. These will be discussed in another paper in the 
near future.35 

Appendix A. Some of the Algebraic Manipulation 
(1) Derivation of Eq 12. Using (n  + l)Pn+l([) - (2n 

+ l)tPn(E) + nPn-l(t) = 0, we have 
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(n + l)(n + 2) 
t2Pn(t) = - P n + 2 ( f )  + 2n + 1 1 2 n + 3  

Using the orthonormality condition for P,,(t), we have from 
eq A1 

ZAmJ1F2Pm(t)Pn(l) m -1 d t  = 
2 

2n + 1 [Lo(n)An + L,(n)An-2 + L2(n)An+21 (A21 

where Li(n) (i = 0, 1, and 2) are given by eq 13. Since 
gK([,[’;O) = S(t - Q), eq 10 gives eq 11. Substituting eq 10 
into eq 9, multiplying both sides by Pm([), and integrating 
over f ,  we obtain eq 12 for 7 > 0, where formula A2 and 
a relationship V,2Pn([) = -n(n + l)Pn(t) were used. The 
formula 

1: exp(fizt)P,(E) d t  = 2(fi)”jn(z) (A3) 

will be used to obtain eq 24 and others, where jn(z) is the 
nth order spherical Bessel function. 

(2) Derivation of Eq 28. In terms of the new variables 

4 + E’ 1 t-4’ 
11=7 11’= ;  2 

with K~ = tanh (p&) /p  eq 27 is written as 

gK”(f ,Q;T)  dE dQ = (l/#) sech (&)e-(~Kq)2e-’”2 dq dq’ 
645) 

By using eq A4 and A5, eq 8 for p >> 1 is written as 

JB(s,s’,7) = (1/2r1I2) sech ( p e d  J ’ I(p)eiK(s-s’)le-(rxn)2 dv 

(-46) 
where 

I(11) = JPeiK(s+s’)olfe-i’’ d,,‘ (P = (1 - IvI)/K) (-47) 

Since K << 1 (or p >> l), I(q) is very close to the limiting 
value of I(0) except for q values very close or equal to fl .  
Thus, we can approximate I (7)  by extending p to infinity. 
Then, we have an approximate form 

-1 

-P 

Je(s,s ’,.) = sech (p~, )e - [K(s+s’ )~/212-  lS1 eiK(s-s’)?e-(rK?)2 d 11 2 -1 
( K  << 1 or p >> 1) (A8) 

In terms of the new variables u = s + s‘ and u = s - s’, 
integration of eq A8 over u can be carried out. After 
transformation by y = K(L - u ) ,  eq 1, 7, and A8 give eq 
28. 

Appendix B. Initial Decay Rate F of G1(7) for 
Rods 

Equations 8, 10, and A3 in Appendix A give 

Equations 11 and 12 give 
-2dA,(K,p,~)/d71,,~ = n(n + l)(2n + l)8Pn(4’) + 

(D3 - D 1 ) P [ ( 2 n  + l)Lo(n)P,(E‘) + (272 - 
3)L1(n)Pn-2(E‘) + (2n - 5)L2(n)Pn+2(t‘)] 032) 

Integration of a recurrence formula dj,(z)/dz = [njn-l(z) 
- (n + 1)jn+l(z)]/(2n + 1) gives after changing n 

where b,(lt) is given by eq 25. Using these results, we have 
from T = -(a/&) In G1(7) at 7 = O 
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ii/P = 
[ D  - f/3(D3 - DJl + (L2/12)ef1(k)  + ( 0 3  - Di)f2(k) 

(B4) 

where 

f l ( k )  = ( 3 / k 2 ) [ C n ( n  + 1)(2n + l)bn(k)21/G’(0) (B5) 

f 2 & )  = [ C (2n + 3)I~’n+1(k)/k)~]/G~(O) (B6) 

where G’(0) = C n ( 2 n  + l ) b , ( I - ~ ) ~ .  The contribution from 
terms in [-.I in eq B2 can be written in a concise form as 
in eq B6 by multiple use of eq B3. For small k ,  we have 
j n + l ( k ) / k  = kn/(2n + 3)!! and bo&) = 1 - k2/18. Thus, we 
have the limiting values of f l (0 )  = 0 and f2(0) = 1/3 as they 
should be. 

If we regard eq 12 to be the recurrence formula for 
aAn/& at  7 - 0, we have a2An/dr2 at 7 = 0 immediately. 
Thus, we can compute the second cumulant p2  in the same 
way as above. 

It is evident that lim (a &)[U exp(-A&)U-’] = 

e2M2, where “lim” means to take the limiting value at  7 

= 0 of ita operand. Without detailed information on A and 
U, therefore, eq 24 gives the same results as above from 
the same procedure. 

Appendix C. F for Rods at KL >> 1 
Since we need the initial form of G1(7), hyperbolic 

functions in eq A8 are expanded up to the first power of 

J ~ ( s , s ’ , ~ )  exp[-P(s + s ~ 2 0 ~ / 4 ] 1 ~ 1 ~ i ~ ( s - s ’ ) ~ e - ~ z e 7 ~ 2  2 -1 dq 

(CU 
from which we have 

n 

even n 

-0UhU-l = -8M and lim (a I /ar2)[U exp(-A€h)U-l] = 

(1107): 

-aJe(s,s:7)/a717,0 = [eP(s  + ~ 3 ~ / 4 ] j , ( K l s  - SI) + 
(D3 - D1)P1S1q2e iK(s - s t )“  2 -1 dq (C2) 

Integration of eq C2 over s and s’ gives eq B4 with 

f 1 W  = 

L’2(s + s?2jo(K(s - SI) ds ds’/G1(0) 

(C3) 

where G’(0) is given by eq 39. Since j o (k z )  - (a/k)d(z) 
as k - a, we have the limiting values of f l ( m )  = 1 and f2(a) 
= 0; that is 

F / P  - [ D  - f/3(D3 - Dl) ]  + (L2 /12)0  ( K L  >> 1 )  
(C5) 

Similarly, the second cumulant k2 can be computed. 
From eq C1, we have p2 = ( 4 / 5 ) ( 0 p L 2 / 1 2 ) 2 .  The nor- 
malized dispersion p2/f2 of G1(7) is thus equal to 1/5 when 
k >> 1, because in the long-rod limit, D, = 2D1 and 8 = 
12D,/L2 and hence F = 2 D 1 P .  

Appendix D. Rotational Brownian Motion in a 
Cage 

From the first exponential factor in eq 27, we have 

( ( F  - E ‘ ) 2 )  = ( 2 / d  tanh (&) (D1) 
For short times, eq D1 becomes ( ( E  - r)2) = 287,  which 

Anisotropic Diffusion and Light Scattering Spectrum 1165 

, (a) 
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O o  T 

Figure 7. (a) A graphic representation of the ( ( E  - vs. 7 

relation. (See text for 70, l/(pe), and 7 e on the time axis, and 
2/r and ( U , / L ) ~  on the vertical axis.) %) A schematic repre- 
sentation of the time behavior of ge(7). ge(7) = Pe(r)/Pe(O) and 
Pe(7) is given by eq D5. 

is just the Einstein relation for the rotational Brownian 
motion without restriction. Let us consider eq 26 for 
simplicity of discussion. The expectation value of (4 - p)2 
for the nth component of the rotational motion is given 

( ( E  - E ’ ) 2 ) n  = 287,‘ = 2 / [ n ( n  + l ) ]  (D2) 

because the rotational relaxation time is given by 7; = 
l / [ n ( n  + l )0] .  Then, the product of P and the “mean 
amplitude” of the lateral fluctuation of the rod ( S n 2 )  is 
given by2’ 

by 

2 ( K U 2  
P(Sn2) = 

n(n + 1 )  1 2  

when P(S,2) 5 1,  the nth component will contribute to 
G1(7). From eq D3, we have, for example, n 5 12 for K L  
= 30. Now, consider a cage (whose radius is a, and lifetime 
is T~~ = L2/2D3 (=L2/4D1); see text) which confines a rod. 
The rod will freely rotate up to time T ~ :  

( u , / L ) ~  = 2eTO (D4a) 

or 

= ( a c / ~ ) 2 / ( 2 e )  U2/(24Dl)  (D4b) 

Then, the ratio of T ~ / T ~ ~ ~  will be - ( u , / L ) ~ / ~  (see Figure 
7 ) .  From these considerations, we have for K L  = 30, for 
example 

12 

n=O 
Pe(70) = (2n + l)bn(k)2e-n(n+1)(ac/L)z/2 (D5) 

As mentioned in the Introduction, 1 mg/mL of thin fila- 
ment concentration corresponds to cL3 = 40. Since (aJL)  

(cL3)-’ (see text), Pe(7) will decay only a few percent 
of its initial value within the lifetime of the cage. This 
means that except for very short times, the rotational 
motion will not contribute to G1(7) even at large K L  values 
in the case of semidilute solutions. Figure 7b depicts this 
situation. 

Appendix E. On the Validity of Eq 35 

Je(s,s’,7) = l S ~ e i ~ ( s - s ’ ) ~ e - P s r ~ z  d[ ( ~ 0 7  I 0.1) (El) 

Without the assumption in eq 35, on the other hand, we 
have from eq C1 (after changing p and 8 with p and 9, 
respectively) 

Equations 8 and 34 give 

2 -  

J ~ ( S , S ’ , ~ )  = 
e-eK%+s’)27/4- 1 1 1eiK(s-s’)r le-P2~vz d7 (p& 5 0.1) (E2) 2 -1 

Now, we have relationships 
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where the superscript (0) is omitted in X because X p  = X P ( O )  
is to the first order in E. The line eigenvector is similarly 
obtained ( E  = 1) 
Up* = (0, ..., 0, aP*(p - 2), 1, aP*(p + 2), 0, ..., 0) (G6) 

with 
For p 0 7  = 0.1, KL = 30 and a,/L = '/40, eq E4 gives 8P(s 
+ sq2/4 I 1/20. This means that the first exponential in 
eq E2 is practically unity when s and s'are varied; that 
is, eq E l  and E2 are the same with each other for the 
assumed conditions. From eq E3, the condition per = 0.1 
implies D&% = (1/10)(KL/61/2)(L/a,) = 4 for KL = 2.5 
and 40 for KL = 25. Thus, for such long times as Dfl7 
I 4 (or 40 at  larger KL's), the approximation in eq 35 is 
quite valid. This comes solely from the smallness of the 
(a,/L) value. 

In the previous paper,21 we carelessly assumed an ap- 
proximation like eq 35 for p >> 1 (and not p >> 11, so that 
we could not obtain non-zero f l ( k )  in eq C3. 

Appendix F. Algorithm of Numerical 
Computation 

(1)  Computation of Eigenvalues and Eigenvectors 
of M. Since the matrix M given in eq 15 is a real tri- 
diagonal matrix whose off-diagonal elements are all non- 
negative, M can be transformed to a real symmetric tri- 
diagonal matrix by using a similarity transformation. The 
symmetrized matrix and the transformation matrix are 
used to find the eigenvalues and the eigenvectors of the 
matrix M.29 

(2) Numerical Computation of G1(r) at p >> 1. The 
double integration in eq 28 was carried out with an 
adaptive N-dimensional quadrature ~ u b r o u t i n e . ~ ~  We 
usually compute G1(7) with 0.1% error tolerance. 

Appendix G. Relationships with Previous 
Theories 

Let us now divide M in eq 17 into two parts 
M = M(O) + EM(') (0 I t I 1) (GI) 

where M(O) consists of only the diagonal elements of M, 
and M(') consists of only the off-diagonal elements of M, 
and E is a parameter which is set to unity eventually. 
Putting the eigenvalue and column eigenvector of M to be 
A, = + ..., re- 
spectively, we gave immediately 

+ EX (l) + ... and Up = Up(o) + 

xP(0) = P(P + 1) + P2Lo(P) (G24 

UP(O) = (0, ..., 0, 1, 0, ..., 0 ) T  (G2b) 

Let us define Hkp = [Uk(O)ITM(l)U P (O). Then, we have only 
four kinds of Hkp's: 

Hpp-2 = p2L1(p) 

Hp-z,p = p2Lz(p - 2 )  

Hp,p+a = p2L2(p) 

H p + z , p  = p2Li(P + 2 )  
(G3) 

Due to this fact, a standard perturbation technique31 gives 
a very simple result. We have 

X p ( l )  = 0 ((344 

Up(') = (0 ,  ..., 0, aP(p - 2), 0, aP(p + 2) ,  0,  ..., O)T (G4b) 
with 

P2Lz(P - 2) 
Xp - xp-2 

P2Ll(P + 2) 

X p  - xp+2 

ap(p  - 2) = 

ap(p + 2 )  = 

((35) 

Substituting these results into eq 24b, we have to the first 
order in E (e = 1) 
G1(7) = 

GD(7) [ (272 + l)bn(k)2e-Xne7 - 2(2n + 5) x 
even n 

If we take account of the differences in definition of various 
quantities, we find that eq G8 is exactly the same as the 
previous onel5 which is to order p2. [Equation 17 in ref 
15 has typographical errors. It should read ao(ql) = bo2 + 
(1/15)D'(q1)2bob2 + ... and a2(q1) = (1/5)b22 - (1/15) X 
D'(ql)2bob2 + . . . I .  Expanding all the factors containing p2 
into power series of p2 and retaining terms up to p2 in the 
resultant equation, we have from eq G8 

G1(7) = G ~ ( T )  C (2n + 1)bn(k)2[1 - 
even n [ 

pzL,,(n)e~]e-n(n+l)Or - 2(2n + 5) x 

Equation G9 is exactly the same as the previous ones,13J4 
although the apparent expression is slightly different from 
them because of differences in definition of various 
quantities. 

A single time-scale analysis13J4 results in a power series 
expression in p27 as the factor [l - p2Lo(n )~7]  in eq G9. 
Due to this factor, eq G9 fails to hold for longer times. A 
multiple time-scale analysis can avoid this difficulty to 
order e4 (which corresponds to our t2 or p4).15 We adopted 
a perturbation technique not to solve eq 16 but to solve 
eq 17 (or to diagonalize M). In our solution (eq 18), time 
appears only in the exponential factors, although the single 
time-scale analysis was applied to order p2. Needless to 
say, the first cumulant derived from eq G8 and G9 is the 
same as that in eq 29, because the perturbation result is 
expressed as functions of 7 and p27, which is valid at very 
short times irrespective of p2 values. 

The time behavior of the n = 0 mode in eq G8 is given 
by exp(-DPr) irrespective of p2 values. This inadequate 
behavior is greatly decreased if X, of the first 3 X 3 portion 
of M is used. If we use An (n  = 0, 2, and 4) of the 3 X 3 
matrix, eq G8 gives precise G1(7) for p2 up to 7. The 
famous formula for roots of y 3  + ay  + b = 0 can be used 
to find An's. 

In a brief summary in ref 32, we noticed the clever 
method of Gierke33 which many previous a u t h o r ~ ' ~ J ~ J ~  
cited but we could never consult before. We discuss here 
the relationship between his theory and ours in our own 
version. By use of the prolate spheroidal wave functions 
q p ( p , ( )  which satisfies 

[-"E2 + P 2 5 2 1 + p ( P , 5 )  = x p + p ( F L , s )  (GI01 

+ p ( ~ j t )  = C A p , n P n ( E )  (GI11 
n>O 
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the Green function is written as (cf. eq 20b and 22) 

g&,E‘;d = C(l/Np)~p(r,E)~p(Il.,S’)e-xpe.r 
P 

where N p  is the normalization constant. From eq G12, we 
immediately have the apparently similar result to eq 24b 
G1(7) = 
GD(T)CCC(l/Np)e-Xpe‘Ap,nAp,i(i)n(_i)lbn(k)bl(k) (G13) 

Equation G13 is Gierke’s result. His theory is mathe- 
matically equivalent to ours, because eq G10, G11, and A2 
give the recurrence formula for which has the same 
form as that for Up(n) derived from substitution of eq 19b 
into eq 12. Both A, and A can be computed one by one 
by use of formulas for spKroidal wave functi0ns.3~ We 
computed the necessary number of A, and UJn) at  once 
by the matrix method. Gierke’s theory is superior to any 
other theories in the sense that it can give an exact ana- 
lytical expression of G1(7) for relatively small p2 values. 
In machine computation of G1(7) for large p2 (or ,a2) values, 
Gierke’s method and ours will require almost the same 
amount of task. If subroutines for matrix calculations are 
available, our method provides a very simple way. 
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ABSTRACT Transient absorption spectra in the wavelength range between 220 and 900 nm have been 
measured in the KrF excimer laser (248 nm) photolysis of polystyrene in cyclohexane solutions. Although 
the absorption spectrum with the shoulder around 300-350 nm and a small tail around 400 nm had been 
correlated to the triplet state of polystyrene,’ the T, - Tl absorption spectrum of polystyrene with a single 
peak at 230 nm, two shoulders around 250-270 and 300-350 nm, and a small tail in the wavelength region 
longer than X = 400 nm is identified clearly in the present work, in addition to the excimer absorption band 
a t  520 nm with a lifetime of 20 ns, which had been reported previously by The lifetime of the triplet 
state of polystyrene is 110 ns and is a clue to the internal rotation of polystyrene, because the lifetime of the 
triplet state of polystyrene is determined by self-quenching on the basis of intramolecular interaction between 
triplet- and ground-state chromophores. Comparison of the present results with literature values for internal 
rotation, measured by other techniques, is also presented. 

Introduction 
A number of papers have been published on photoin- 

duced3 and radiation-induced4 reactions of polystyrene, 

because it  is the simplest polymer with aromatic chro- 
mophores and photoinduced and radiation-induced 
main-chain cleavage of polystyrene is very important in 
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